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Time series Decomposition method 
 
A time series is described using a multifactor model such as 
 
 Y  = f (trend, cyclical, seasonal, error) 
  =  f (T,  C,  S,  e) 
 
 
 
 
 
 
 
 
 
 
 
 
 
There are two general types of decomposition models, that is an additive and a 
multiplicative. 
 
(1)  Additive:   Y = T + C + S + e 
(2) Multiplicative:  Y = T · C · S · e 
 
The determination of whether seasonal influences are additive or multiplicative usually 
can be evidenced from a plot of the data. 
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The Multiplicative method for calculation of seasonal indexes 
Basically, the decomposition of a time series is straightforward from the identified 
components of trend, cyclical and seasonal effects. For example, given 
 
  Y  =  TCSe  
 
(1) If we want to find the seasonal component, then 
 

  Se
CT
SeCT

TC
YSe  

This equation denotes that the seasonal and error components equals to the actual value 
divided by the trend and cyclical components. It means if we can take out the trend and 
cyclical components from the actual series, then the remained is the seasonal and error 
components. Therefore, to calculate the seasonal indexes, firstly, we have to find the 
trend and cyclical components and the calculation is accomplished through the use of 
ratio to centered moving average method. 
 
(2) If we want to find the trend-cyclical component, then the decomposition of 
trend-cycle can be done by deseasonalizing the actual series by 
 

  TCe
S

eSTC
S
YTCe  

When we can identify the seasonal component, then the trend-cycle of the series can be 
estimated from the actual series divided by the seasonal component. Therefore, firstly, 
we have to calculate deseasonalized series, and use the simple linear regression to 
estimate the trend in the actual series. 
 



 3

Example for calculating the seasonal indexes by using the percentage of centered 
Moving averages. (Table5-1, Delurgio: "Forecasting Principles and Applications", 1998, pp.179) 
Period(t) Actual Data 

Yt (Sales) 
Simple  
MA(4) 

Centered  
MA 

Percent 
MA 

     
1992.1 72    
1992.2 110 117.75   
1992.3 117 118.75 118.25 0.989 
1992.4 172 119.25 119.00 1.445 
1993.1 76 122.50 120.875 0.629 
1993.2 112 128.00 125.25 0.894 
1993.3 130 128.50 128.25 1.014 
1993.4 194 130.25 129.375 1.500 
1994.1 78 129.75 130.00 0.600 
1994.2 119 131.50 130.625 0.911 
1994.3 128 132.25 131.875 0.971 
1994.4 201 136.00 134.125 1.499 
1995.1 81 139.25 137.625 0.589 
1995.2 134 143.00 141.125 0.950 
1995.3 141    
1995.4 216    
 

 
Quarter Average  Unadjusted 

Seasonal 
Indexes 

(A) 

 Final 
Seasonal 
indexes 

(B) 
1 (0.629 + 0.600 + 0.589)/3 = 0.606 Times 

4.00/ 
3.996 
=1.00075 

0.606 
2 (0.894 + 0.911 + 0.950)/3 = 0.918 0.919 
3 (0.989 + 1.014 + 0.971)/3 = 0.991 0.992 
4 (1.445 + 1.500 + 1.499)/3 = 1.481 1.482 

 Total = 3.996 4.00 
The final seasonal indexes show that the first, second, and third quarters of the years are 
seasonally low, and the fourth quarter is seasonally high. The interpretation of the index 
for quarter 1 is that its sales (Yt) are only 60.6% of the average quarterly sales of the 
year centered on quarter 1. In contrast, the average sales for quarter 4 are 48.2% higher 
than the trend cyclical values of that quarter.  

  117 
118.25 

(A)x1.00075 

The number of the information of percent MA 
for each quarter, if you have more data, than 
the number is larger 



 4

Calculating the deseasonalized series and fitted the decomposition model: 
(1) (2) (3) (4) (5) (6) (7) 
Period
(t) 

Actual 
Series 

Yt 

Seasonal 
indexes  

St 

Deseasonalized 
Series 
TCe 

Trend 
 

Tt 

Fitted 
Values 

TS 

Error 
 
e 

   Calculation 
(2)/(3) 

From simple 
Regression* 

Calculation 
(3)x(5) 

Calculation 
(2) - (6) 

1992.1 72 0.606 118.75 115.56 70.062 1.938 
1992.2 110 0.919 119.69 117.41 107.907 2.093 
1992.3 117 0.992 117.93 119.26 118.324 -1.324 
1992.4 172 1.482 116.02 121.12 179.558 -7.558 
1993.1 76 0.606 125.35 122.97 74.560 1.440 
1993.2 112 0.919 121.86 124.83 114.725 -2.725 
1993.3 130 0.992 131.03 126.68 125.684 4.316 
1993.4 194 1.482 130.86 128.54 190.556 3.444 
1994.1 78 0.606 128.65 130.39 79.058 -1.058 
1994.2 119 0.919 129.48 132.25 121.543 -2.543 
1994.3 128 0.992 129.02 134.10 133.044 -5.044 
1994.4 201 1.482 135.58 135.96 201.554 -0.544 
1995.1 81 0.606 133.59 137.81 83.556 -2.556 
1995.2 134 0.919 145.80 139.66 128.361 5.639 
1995.3 141 0.992 142.12 141.52 140.404 0.596 
1995.4 216 1.482 145.70 143.37 212.552 3.448 
     Mean -0.2803 
     RSE 3.5674 
Forecast: 
1996.1  0.606  145.229 88.054  
1996.2  0.919  147.083 135.180  
1996.3  0.992  148.938 147.764  
1996.4  1.482  150.793 223.550  

* The regression is run the regression that using the deseasonalized series (TCe) as 
dependent variable and the generated "trend" as independent variable. The result from 
EVIEWS is as following:  "TCe =  + Trend + " 
Dependent Variable: TCe 
Method: Least Squares 
Sample: 1992:1 1995:4 
Included observations: 16 

Variable Coefficient Std. Error t-Statistic Prob.  
C 113.7007 1.879330 60.50068 0.0000 

TREND 1.854544 0.194356 9.542011 0.0000 
R-squared 0.866730     Mean dependent var 129.4644 
Adjusted R-squared 0.857211     S.D. dependent var 9.483946 
S.E. of regression 3.583742     Akaike info criterion 5.507161 
Sum squared resid 179.8049     Schwarz criterion 5.603734 
Log likelihood -42.05728     F-statistic 91.04998 
Durbin-Watson stat 2.062388     Prob(F-statistic) 0.000000 

Note: TREND is generated by using the EVIEWS command: "GENR  TREND=@trend( 1992.1 ) +1". 

The fitted trend is started from 113.7007 
and increases 1.845 for each period 
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Summary steps in Classical multiplicative decomposition: 
(1) Calculate a moving average equal to the length of the season to identify the trend 

cycle. 
(2) Center the moving average if the seasonal length is an even number. 
(3) Calculate the actual as a proportion of the centered moving average to obtain the 

seasonal index for each period. 
(4) Adjust the total of the seasonal indexes to equal the number of periods. 
(5) Deseasonalized the time series by dividing it by the seasonal index. 
(6) Estimated the trend-cyclical regression using deseasonalized data. 
(7) Multiply the fitted trend values by their appropriate seasonal factors to compute the 

fitted values 
(8) Calculate the errors and measure the accuracy of the fit using known actual series. 
(9) If cyclical factors are important, calculate cyclical indexes. 
(10) Check for outliers, adjust the actual series and repeat steps from 1 to 9 if necessary. 
 
Summary steps in additive decomposition method: 
(1) Calculate a moving average equal to the length of the season. 
(2) Center the moving average to estimate the trend cycle. 
(3) Subtract the center moving average to obtain the seasonal error factor for each 

period 
(4) Adjust the total of the seasonal indexes to equal zero.  
(5) Deseasonlaize the time series by subtracting the final additive seasonal indexes 

from the actual, and the deseasonalized values are estimated of trend-cyclical error. 
(6) Compute the trend-cyclical regression equation using deseasonalized data. 
(7) Add the fitted trend values and the seasonal indexes to estimate the fitted values. 

STŶ  
(8) Calculate the errors and measure the fit using known actual series by subtracting the 

fitted from the actual series. 
(9) If the cyclical factors are important, calculate cyclical indexes. 
(10) Check for outlier, adjust the actual series, and repeat step 1 to 9 if necessary. 



 6

Example of Additive seasonal decomposition: 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

Period 
(t) 

Actual 
Series 
(Yt) 

Simple 
MA(4) 

Centered 
MA 

Average 
S+e 
 

Additive 
Seasonal 
index 

Deseas. 
Series 
T+C 

Trend 
 

T̂  

Fitted 
Series 

a
t STY ˆˆ

 

Error 
 

tê  

    (2) - (4)  (2) -(6)  (8)+(6) (2)-(9) 
1992.1 72    -50.802 122.802 115.208 64.406 7.594 
1992.2 110 117.75   -10.302 120.302 117.189 106.887 3.113 
1992.3 117 118.75 118.25 -1.250 -0.760 117.760 119.170 118.410 -1.410 
1992.4 172 119.25 119.00 53.000 61.865 110.135 121.151 183.016 -11.016 
1993.1 76 122.50 120.875 -44.875 -50.802 126.802 123.132 72.330 3.670 
1993.2 112 128.00 125.25 -13.250 -10.302 122.302 125.113 114.811 -2.811 
1993.3 130 128.50 128.25 1.750 -0.760 130.760 127.094 126.334 3.666 
1993.4 194 130.25 129.375 64.625 61.865 132.135 129.075 190.940 3.060 
1994.1 78 129.75 130.00 -52.000 -50.802 128.802 131.056 80.254 -2.254 
1994.2 119 131.50 130.625 -11.625 -10.302 129.302 133.037 122.735 -3.735 
1994.3 128 132.25 131.875 -3.875 -0.760 128.760 135.018 134.258 -6.258 
1994.4 201 136.00 134.125 66.875 61.865 139.135 136.999 198.864 2.136 
1995.1 81 139.25 137.625 -56.625 -50.802 131.802 138.980 88.178 -7.178 
1995.2 134 143.00 141.125 -7.125 -10.302 144.302 140.961 130.659 3.341 
1995.3 141    -0.760 141.760 142.942 142.182 -1.182 
1995.4 216    61.865 154.135 144.923 206.788 9.212 
        Mean -0.003 
        RSE 5.456 
Calculation of additive seasonal indexes: 
Quarters Average seasonal + error  Unadjusted 

seasonal 
indexes 

Final seasonal indexes 

1 (-44.875 - 52.000 - 56.625)/3 = -51.167 (-51.167-0.365) = -50.802 
2 (-13.250 - 11.625 - 7.125)/3 = -10.667 (-10.667-0.365) = -10.302 
3 (-1.250+ 1.750-3.875)/3 = -1.125 (-1.125-0.365) =   -0.760 
4 (53.00+64.625+66.875)/3 = 61.50 (61.50-0.365) =      61.865 
 mean = -0.365  

The regression is run the regression that using the deseasonalized series ("T+C") as 
dependent variable and the generated "trend" as independent variable. The regression 
result from EVIEWS is as following:  "T+C" =  + Trend + " 
Dependent Variable: "T+C" 
Method: Least Squares 
Sample: 1992:1 1995:4 
Included observations: 16 

Variable Coefficient Std. Error t-Statistic Prob.  
C 113.2269 2.961752 38.22970 0.0000 

TREND 1.980629 0.306297 6.466366 0.0000 
R-squared 0.749166     Mean dependent var 130.0623 
Adjusted R-squared 0.731250     S.D. dependent var 10.89452 
S.E. of regression 5.647840     Akaike info criterion 6.416892 
Sum squared resid 446.5734     Schwarz criterion 6.513466 
Log likelihood -49.33514     F-statistic 41.81389 
Durbin-Watson stat 1.939129     Prob(F-statistic) 0.000015 

The fitted trend is started from 113.2269 and 
increases 1.980629 for each period 
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Decomposition using regression analysis 
The seasonal influences can be modeled by using either an additive model or a 
multiplicative model by using the regression as followings: 
 
Additive regression model: 

ttttt eQQQTrendY 432 4321  

Where   Yt = Actual series in period t 
   Trend = time value in period t 
   Q2, Q3, Q4 = Dummy variables for each quarter 

 and i = relevant regression coefficients; where i=1,2,3,4 
The additive seasonal influences of each quarter are interpreted relatively to quarter 1. 
The estimated 2 is the value of quarter 2 that is different to quarter 1. 
The estimated 3 is the value of quarter 3 that is different to quarter 1. 
The estimated 4 is the value of quarter 4 that is different to quarter 1. 
Check whether the t-statistics are significant to determine the seasonal influences. 
 
Multiplicative regression model:  

  
''

4
'
3

'
2

'
1

' 432)ln( ttttt eQQQTrendY  

Where   Yt = Actual series in period t 
   Trend = time value in period t 
  Q2, Q3, Q4 = Dummy variables for each quarter 
  , ', i, 'i = relevant regression coefficients; where i=1,2,3,4 
   ln(Xt) = logarithm values of actual series 
 
Each of the coefficients of the dummy variables can be used to determine its seasonal 
indexes by taking the antilogs.   

The seasonal influence of quarter 2 is  (

'
2

ˆ'ê ) 

The seasonal influence of quarter 3 is (

'
3

ˆ'ê )  

The seasonal influence of quarter 4 is (

'
4

ˆ'ê ) 

The T-period ahead forecast of X is calculated as 
 

  )ˆ)(ˆ)(ˆ)(ˆ)(ˆ(ˆ '
4

'
3

'
2

'
1

ˆˆˆˆ'ˆ eeeeeY T
T  
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Example: (Table 5-7, DeLurgio, 1998, pp.192) 
time Demand Log(Y) Trend Q2 Q3 Q4 Ŷ  ê  Ŷln  Ln( ê ) 

1 72 4.28 1 0 0 0 64.86 7.14 4.254 0.023 
2 110 4.70 2 1 0 0 106.86 3.14 4.688 0.013 
3 117 4.76 3 0 1 0 117.11 -0.11 4.772 -0.009 
4 172 5.15 4 0 0 1 183.86 -11.86 5.187 -0.040 
5 76 4.33 5 0 0 0 72.79 3.21 4.311 0.020 
6 112 4.72 6 1 0 0 114.79 -2.79 4.745 -0.027 
7 130 4.87 7 0 1 0 125.04 4.96 4.829 0.039 
8 194 5.27 8 0 0 1 191.79 2.21 5.245 0.023 
9 78 4.36 9 0 0 0 80.71 -2.71 4.368 -0.012 

10 119 4.78 10 1 0 0 122.71 -3.71 4.803 -0.024 
11 128 4.85 11 0 1 0 132.96 -4.96 4.886 -0.034 
12 201 5.30 12 0 0 1 199.71 1.29 5.302 0.001 
13 81 4.39 13 0 0 0 88.64 -7.64 4.426 -0.031 
14 134 4.90 14 1 0 0 130.64 3.36 4.860 0.038 
15 141 4.95 15 0 1 0 140.89 0.11 4.944 0.005 
16 216 5.38 16 0 0 1 207.64 8.36 5.360 0.016 
           
       RSE 5.392  0.026 

 
Check whether t-statistics is significant for each quarterly dummy variable. 
The additive decomposition indexes: 
Q2 - Q1 = 40.02 
Q3 - Q1 = 48.29 
Q4 - Q1 = 113.06 
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Check the t-statistics of all quarterly dummy variables. 
 
The trend percentage growth rate effect is (@exp( '

1
ˆ )) = antilog(0.014344) = 1.01444 

 
The seasonal influence of quarter 2 ratio to quarter 1 is (@exp( '

2
ˆ ) ) 

= antilog(0.42002) = 1.52199 
(From p.4 multiplicative calculation, Q2/Q1 = 0.919/0.606=1.5165) 
 
The seasonal influence of quarter 3 ratio to quarter 1 is (@exp( '

3
ˆ ) ) 

= antilog(0.489297) = 1.63116 
(From p.4 multiplicative calculation, Q3/Q1 = 0.992/0.606=1.6369) 
 
The seasonal influence of quarter 4 ratio to quarter 1 is (@exp( '

4
ˆ )) 

= antilog(0.890812) = 2.43710 
(From p.4 multiplicative calculation, Q2/Q1 = 1.482/0.606=2.4455) 
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Estimated Trends with Differences 
A trend is an increase or decrease in a time series that persists for an extend time.  
Trend exists: when seven or more observations show a consistent trend. 
If a series exhibit a trend, on average the differences should be equal to the increasing or 
decreasing trend by being greater or less than zero respectively.  
 
The fitting and forecasting equation for first different is: 
 

kttmtt YYYF 1
ˆ   

kttmtmt YmYYF ˆ  

(Where m = the number of periods ahead for forecast) 
 
Statistical significant test for trend: 
Ho: On average, Yt = Yt - Yt-1 =0 (no trend)  
H1: On average, Yt < 0 or > 0 (negative or positive trend) 
 

Check the 

dn
S

bt
x

0*   

Where S x is the standard deviation of the first difference, d is the level of differencing. 
Decision rule: 
If the absolute t* > t-table, rejects Ho, infers there is a trend 
If the absolute t* < t-table, do not rejects Ho, infers there is no trend 
 
Advantage of forecasting with differences: 

 The trend is easily calculated 
 It is easily interpreted 
 Its significant is easily tested 

 
Disadvantage of forecasting with differences: 

 Difficult in dealing with outlier 
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Nonlinear Trends and Seasonal Differences 
Nonlinear trends will use either multiple difference or logarithm.  
Logarithms are useful when the trend is a percentage growth function and second 
differences are useful when modeling quadratic functions.  
 
The formula of 2nd difference is: 

First difference:   1ttt YYY  

Second difference:  )( 1ttt YYY  

)()( 211 tttt YYYY  

212 tttt YYYY  

     tttt YYYY 212  

The forecasting form, the process of second differences is:   

bYYYbYYF tttttt )(2 21121  

 bYYF ttt 11  

Where b is the mean of 2nd differences and represents a trend estimate when this mean 
is statistically significantly different than zero. 
 
Seasonal difference to model seasonality and trends 
 

Forecast = Seasonal estimate + Trend 
 
For monthly data: 

ittt YYF 1212  

For quarterly data: 

ittt YYF 44  

 


